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, Courant and NVeinstein [1988] ,
.
$V$ $n$ , $V^{*}$ . $V^{*}$ $V$
$\langle\cdot, \cdot\rangle$ , , $V\oplus V^{*}$ $\langle\langle$ .,
$\langle\langle(v,\alpha), (\overline{v}_{\backslash }.\overline{\alpha})\rangle\rangle=\langle\alpha,\cdot\overline{v}\rangle+$ $\langle$Ct, $v\rangle$
. , (V, $\alpha$), $(\overline{v},\overline{\alpha})\in V\oplus V^{*}$ .
2.1. $\mathrm{t}^{\gamma}$ , $D=D^{\perp}$ $D\subset V\oplus V^{*}$
. , D\perp $\langle\langle$ .‘. $\cdot\rangle\rangle$ D .
, $D\subset V\oplus V^{*}$ ,
$\langle\alpha,\overline{v}\rangle+\langle\overline{\alpha}_{:}v\rangle=0$
$(v\backslash , \alpha),$ $(-\overline{\iota’},\overline{a})\in D$ , $D=D^{\perp}$ ,
$\dim D=n$
, $\overline{v}=v$ $\overline{\alpha}=a$ , $\langle a_{\backslash }, v\rangle=0$ .
2.2. $\phi:Varrow \mathrm{t}\mathrm{f}^{7}$ $V$ $l2^{\ovalbox{\tt\small REJECT}^{\vee}}$ , $\Delta=\mathrm{K}\alpha \mathit{0}$
, , $\Delta^{\mathrm{o}}={\rm Im}\delta^{T}$ . , $\phi^{T}$ : $\nu|,;^{\tau*}arrow V^{*}$ , $\phi$ ,
, .
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. $\mu\in W^{*}$ $\alpha\in V^{*}$ , $\alpha=\phi^{T}\mu$ . , $v\in\Delta$ ,
$\langle a" v\rangle=\langle\varphi^{T}\mu,v\rangle=\langle\mu_{\mathrm{c}}.\varphi(v)\rangle=0$
. , ${\rm Im}$ \mbox{\boldmath $\phi$}T\subset \Delta . , $\alpha\in\Delta^{\mathrm{o}}$ $V=\Delta\oplus U$ .
, $v\in V$ , $r\in\Delta,$ $\mathrm{u}\in U$ , $v=r+u$. . ,
$\phi|U:Uarrow W$ , , $(\phi|U)^{T}$ : $l4^{\gamma*}arrow U^{*}$ . ,
$a(v)=\alpha(r+u)=\langle\alpha\backslash . u\cdot\rangle=(a’|C^{\mathrm{v}}($. $u\cdot\rangle$ $=\langle(\phi|U)^{T}\mu_{\backslash }, u\cdot\rangle=(\mu, (\psi|U)(u\rangle\rangle$
$=(\mu, \phi(\mathrm{u})\rangle=\langle\mu, \phi(r+u)\rangle=\langle\mu, \phi(v)\rangle=\{\acute{O}^{T}\mu_{:}v\rangle$
,
v\in V , \alpha =\mbox{\boldmath $\phi$}T\mu .
$\Delta\subset V$ . $i:\Deltaarrow V$ $\pi:V^{*}arrow\Delta^{*}$
, $V$ $V^{*}$ , , $\varphi^{\Gamma}$ $\pi$ , , $\Delta$ $\Delta^{\mathrm{o}}$
, $\mathrm{K}\mathrm{e}\mathrm{r}\pi=\Delta^{\mathrm{o}}$ $(\Delta^{\mathrm{o}})^{\mathrm{O}}=\Delta$ .
2.3. $V$ $\vee\triangleright$ . $\Delta\subset V$ $\Delta^{\mathrm{o}}\subset V^{*}$
$\Delta^{\mathrm{o}}=\{\alpha\in V^{*}|\langle\alpha, v\rangle=0, \forall v\in\Delta\}$
, $D=\Delta\cross\Delta^{\mathrm{o}}$ $V$ .
. ,
$D^{\perp}=\{(w_{:}\beta)\in V\mathrm{x}V^{*}|\langle\alpha_{r}.w\rangle+\langle,\theta,v\rangle=0_{\} \forall v\in\Delta, a\in\Delta^{\mathrm{o}}\}$
. , $D=D^{\perp}$ , , $D^{\perp}\subset D$ .
$(u., \mathit{3})\in D^{\perp}$ , $D^{\perp}$ , $a=0$ . , $v\in\Delta$
, $\langle,\theta,v\rangle=0$ , $\mathit{3}\in\Delta^{\mathrm{o}}$ , , $v=0$ , $\langle\alpha, u’\rangle=0$
$\alpha\in\Delta^{\mathrm{o}}$ . , $W’\in(\Delta^{\mathrm{o}})^{\mathrm{o}}=\Delta$ . , $(w, \beta)\in D^{\perp}$ ,
$(w,\beta)\in D$ . , $D^{\perp}\subset D$ . , $(w_{\rho},\theta)\in D$ , $\langle\alpha.\backslash w\cdot\rangle=0$
\alpha \in \Delta o , , $\langle$ \beta ,v $\rangle$ =0 v\in \Delta
, $D\subset D^{\perp}$ . , $D=D^{\perp}$ .
, ,




, $\Delta^{\mathrm{o}}={\rm Im}\Phi^{T}‘\subset V^{*}$ , .
, $n$ , ,$n$ $V$
$D=\Delta \mathrm{x}\Delta^{\mathrm{o}}$ . $e\in\Delta^{\mathrm{o}}$ , $f\in\Delta$
, $D=D^{\perp}$ ,
$\langle e, f\rangle=0$
. , (Chua, Desoer and Kuh
[1987] $)$ .
M , TM,
$T^{\mathrm{r}_{l}}lf$ . , $TM\oplus T^{*}M$ A-I . ,
, $M$ , $x\in M$ M $\mathrm{x}$ M
. $M$ , $x\in\wedge^{\prime\backslash - I}$
, $D\subset TM\oplus T^{*}M$ .
, , 2 ( ,
) (
) . , 2
, ,
$\langle f_{X_{1}}a_{\mathit{2}},X_{3}\rangle+\langle f_{X_{2}}a_{3}.X_{1})+\langle l\mathrm{x}_{3}\alpha_{1}.X_{2}\rangle=0$
$D$ 1 $(X_{1},\cdot\alpha_{1}),$ $(X_{2\backslash }.\alpha_{2}),$ $(X_{3}, a_{3})$
. , $lx$ , $M$ $X$ .
Yoshimura and AIarsden [2006] ,
\sim . $Q$ $n$
, $q=(q^{1}\}\ldots, q^{n})$ . ,
$\Delta_{Q}\subset TQ$ , $q$ ,
$\Delta_{Q}(q)=\{v\in.T_{q}Q|\langle\omega^{a}(q),v\rangle=0_{\backslash }, a=1, \ldots m<:n\}$
. , ’ $m$ $Q$ 1 . , $T^{*}Q$
$\Delta_{TQ}$.
$\Delta_{TQ}.=(T\pi_{Q})^{-1}(\Delta)\subset TT^{*}Q$
1 $-$ , \searrow – .
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. , $Tr_{Q}\mathrm{I}:TT^{*}Qarrow TQ\text{ }$ , \mbox{\boldmath $\pi$}Q:T*Q\rightarrow Q .
, $\Delta_{T^{\wedge}Q}$ $\Delta_{[mathring]_{T}Q}$. , $z=(q,p)\in T^{*}Q$ ,
$\Delta_{[mathring]_{T}Q}.(z)=$ { $\alpha_{z}\in$ rQ $|\langle a_{z}.,$ $u_{z}’\rangle=0’.\forall w_{z}\in\triangle_{TQ}.(z)$ }
.
2.4. $\Omega$ : $TT^{*}Q\mathrm{x}TT^{*}Qarrow \mathrm{R}$ $T^{*}Q$
. , $\sim\sim,$ $=(q,\cdot p)\in T^{*}Q$ ,
$D_{\Delta_{Q}}(z)=\{(v_{z}, \alpha_{z})\in T_{z}T^{*}Q\mathrm{x}T_{z}^{*}T^{*}Q|v_{z}\in\Delta_{TQ}.(z)$ ,
$a_{z}’(u_{z}’)=\Omega_{\Delta_{Q}}(z)(v_{z},w_{z}),$ $\forall w_{z}\in\Delta_{TQ}.(z)\}$ (1)
$D_{\Delta_{Q}}\subset TT^{*}Q\oplus T^{*}T^{*}Q$ , $T^{*}Q$
. , $\Omega_{\Delta_{Q}}$ , $\Omega$ $\Delta_{TQ}$. .
. $D_{\Delta_{Q}}\subset TT^{*}Q\oplus T^{*}T^{*}Q$ , $z\in T^{*}Q$ ,
$D_{\Delta_{Q}}^{\perp}(z\rangle=\{(u_{z}, \beta_{z})\in T_{z}T^{*}Q\mathrm{x}T_{z}^{*}T^{*}Q|a_{z}(u_{z})+,\prime \mathit{3}_{z}(v_{z})=0,$ $\forall v_{Z}\in\Delta_{TQ}.(z)$ ,
$\alpha_{z}(w_{z}’)=\Omega_{\Delta_{Q}}(z)(v_{z}, w_{z})$ , $\forall w_{z}\in\Delta_{TQ}.(z)\}$
.
$D_{\Delta_{Q}}$ , D\Delta \perp Q=D . ,
, $D_{\Delta_{Q}}(z)\subset D_{\Delta_{Q}}^{\perp}(,\sim‘)’$ . ($\iota_{\overline{\wedge}}’.a_{z}\rangle\in D_{\Delta_{Q}}(z)$ $(v_{z}’, \alpha_{z}’)\in D_{\Delta_{Q}}(z\rangle$ ,
$\alpha_{z}(v_{z}’)+\alpha_{z}’(v_{z})=\Omega_{\Delta_{Q}}(z)(v_{z:}v_{z}’)+\Omega_{\Delta_{\mathrm{Q}}}(z)(v_{z}’.v_{z})=0$
. , $D_{\Delta_{Q}}(z)\subset D_{\Delta_{Q}}^{\perp}(z)$ .
, $D_{\Delta_{Q}}^{\perp}(z)\subset D_{\Delta_{Q}}(,\sim‘\cdot)$ $(u_{\wedge}-,,‘ \mathit{3}_{z})\in D_{\Delta_{\mathrm{Q}}}^{\perp}(z)$ . $D_{\Delta_{Q}}^{\perp}$ ,
$a_{z}(u_{z}\rangle$ $+\beta_{z}.(v_{z}\rangle$ $=0$ $\in\Delta_{TQ}.(z\rangle$ . ,
$\alpha_{z}(w_{z})=\Omega_{\Delta_{Q}}(z)(v_{z_{I}}.w_{z})$
$u_{z}’\in\Delta_{TQ}.(z)$ . , $v_{z}=0$ , $\alpha_{z}(W_{z}’)=0$
$w_{z}’\in\Delta_{TQ}.(z)$ }$,-$ , $\alpha_{z}\in\Delta_{TQ}^{\mathrm{o}}.(z)$ . ,
$a_{\overline{\wedge}}\in\Delta_{TQ}^{\mathrm{o}}.(z)$ , $(0., \alpha_{z})\in D_{\Delta_{Q}}$ , $(u_{z}.\mathit{3}_{z})$ ,
, $\alpha_{z}(\mathrm{u}_{z}.)=0$ $\alpha_{z}\in\Delta_{TQ}^{\mathrm{o}}.(z)$ . ,
$.u_{z},\in\Delta_{TQ}.(z)$ .
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, $(u_{z’ i^{-}}\mathit{3}_{z})$ , ,$\prime \mathit{3}_{z}(\iota_{z}’)=\Omega_{\Delta_{Q}}(z)(u_{z},V_{z})$ $v_{z}\in\Delta_{TQ}.(z)$
. , $v_{z}\in\Delta_{T^{*}Q}(z)$ , , $\alpha_{z}$ $\alpha_{z}(w_{z})=$
$\Omega_{\Delta_{Q}}(z)(v_{z}, u_{\wedge}’.\sim)$ $w_{z}’\in\Delta_{TQ}.(z)$ . $\alpha_{z}(u_{z})+\beta_{z}(v_{z})=0$
$v_{z}\in\Delta_{TQ}.(z)$ , , , $u_{z}\in\Delta_{TQ}.(z)$
, $\Omega_{\Delta_{Q}}(_{\sim}7)(v_{z},u_{z})+,\theta_{z}(\iota_{z}’)=0$ $V_{Z}\in\Delta_{TQ}.(z)$ .
, $\beta_{z}(v_{z})=\Omega_{\Delta_{\mathrm{Q}}}(z)(u_{z},v_{z})$ $v_{z}\in\Delta_{TQ}.(z)$ . ,
$(u_{z}, .\theta_{z})\in D_{\Delta_{Q}}(z)$ . , $D_{\Delta q}^{\perp}\subset D_{\Delta_{Q}}$ , $D_{\Delta_{Q}}^{\perp}=D_{\Delta_{Q}}$
.
D $\Delta_{Q}$ $T^{*}Q$ . D , (1)
.
2.5. $\Omega^{\mathrm{t}}’$ : $TT^{*}Qarrow T^{*}T^{*}Q$ $T^{*}Q$
$\Omega$ , $T^{*}Q$ ,




Q P U , Q ql, ...‘.qn .
$\Delta_{Q}$ , $q\in U$ $\Delta(q)\subset \mathrm{R}^{n}$ , $TQ$
. n-m , \Delta (q) +l(q), em+2(q), . . . , $e_{n}(q)$
. , , 1 \mbox{\boldmath $\omega$}1,\mbox{\boldmath $\omega$}2q. .o’\mbox{\boldmath $\omega$}m ,
, 1 \mbox{\boldmath $\omega$}1,\mbox{\boldmath $\omega$}2, ... ,\mbox{\boldmath $\omega$}m \Delta (q) \Delta o(q) .
, $\pi_{Q}$ : $T^{*}Qarrow Q$ $(q,p)\vdasharrow q$ , $T\pi_{Q}$ :
$(q,p_{:}.\dot{q}_{\backslash },\dot{p})\mapsto(q.\dot{q}\rangle$ , $\Delta\tau\cdot q$ , ,
$\Delta_{T\cdot Q}\cong\{v_{\langle q,p)}=(q,p.\dot{q},.\dot{p})|q\in U,\dot{q}\in\Delta(q)\}$
. $PT^{*}Q$ $\alpha_{(q,p\rangle}=(q,p,\alpha,w’)$ . , $a’$
$w$ . $\Delta_{T\cdot Q}$ , ,








. , 25 ,
$D_{\Delta_{Q}}(_{6}^{\sim}.)=\{(\iota_{z}"\alpha_{\sim}\rangle\wedge\in T_{z}T^{*}Q\mathrm{x}T_{z}^{*}T^{*}Q|v_{z}\in\Delta_{TQ}.(z)_{\backslash }. \alpha_{\wedge}\sim-\Omega^{\triangleright}(z)\cdot v_{z}\in\Delta_{[mathring]_{T}Q}.(z)\}$
$=\{((q,p,\dot{q},\dot{p})_{:}(q_{\backslash }.p, a,w))|\dot{q}\in\Delta(q),\cdot w=\dot{q}_{d}.a+\dot{p}\in\Delta^{\mathrm{o}}(q)\}$ (3)
.
25 , T*Q 2 \Omega
$\Omega^{\triangleright}:$ $TT^{*}Qarrow\Gamma T^{*}Q$ , $T^{*}Q$
$D_{\Delta_{\mathrm{Q}}}$ , , (3) . , $T^{*}Q$
. , T*Q ,
$B:T^{*}T^{*}Q\mathrm{x}T^{*}T^{*}Qarrow \mathrm{R}$ , $B$
$B\#:T^{*}T^{*}Qarrow TT^{*}Q$ . , $T^{*}Q$ $H$
$\mathrm{d}H$ $T^{*}Q$ $X$ , $X=B^{l}\mathrm{d}H$
.
, $Q$ $\Delta_{Q}\subset TQ$ , $\pi^{\mathit{2}}$ :




$\Delta_{TQ}.=(T^{\wedge},\mathrm{r}_{Q})^{-1}(\Delta_{Q})=\{v_{(q_{:}p)}=(q\backslash .p,\mathrm{t}’.\alpha)|q\in U, v\in\Delta(q)\}$
, , $q\in U\subset \mathrm{R}^{n}$ ,
$\Delta_{TQ}^{*}.=\{\alpha_{(q,p)}=(q_{:}p_{\backslash }$. $-\alpha, v\rangle|q\in L_{:}^{\gamma}.v\in\Delta(q\rangle\}$
. $\Delta_{TQ}^{*}$. {L , $z\in PQ$ ,
$(\Delta_{T\cdot Q}^{*})^{\mathrm{o}}(z)=\{\tau\iota_{\approx}’\in T_{\approx}T^{*}Q|(u_{z}.. \alpha_{z}\rangle=0, \forall\alpha_{z}\in\Delta_{TQ}^{*}..(z)\}$
$=\{w_{(qp)}.=(q,p,w.\theta)|q\in U, w=0_{:}\beta\in\Delta^{\mathrm{Q}}(q)\}$
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., $T^{*}Q$ , $B^{t}$ ,
.
2.6. $T^{*}Q$ $D_{\Delta_{Q}}$ , $z\in T^{*}Q$ ,
$D_{\Delta_{Q}}(z)=\{(v_{z}.\alpha_{z})\in T_{z}T^{*}Q\cross T_{z}^{*}T^{*}Q|a_{\approx}\in\Delta_{TQ}^{*}.(z)$ ,
$.v_{\approx}-B^{\#}(z)\cdot\alpha_{z}\in(\Delta_{TQ}^{*}.)^{\mathrm{o}}(z)\}$
, , z=(q,p) ,
$D_{\Delta_{Q}}(q’.\mathrm{p})=\{((q,p,\dot{q},\dot{p}), (q,p,\alpha_{\backslash },w))|\dot{q}\in\Delta(q)’.w=\dot{q}_{\backslash }. a+\dot{p}\in\Delta^{\mathrm{o}}(q)\}$ (4)
.
3
, $:\mathrm{s}T^{*}Q$ $D_{\Delta_{Q}}$ ,
. ,
.
$Q$ , $L:TQarrow \mathrm{R}$ . $L$
$\mathrm{F}L:TQarrow T^{*}Q$
$\mathrm{F}L(V)\cdot w=\frac{d}{ds}|_{s\sim}-L(v+sw)$
. , $\iota\cdot,w\in T_{q}Q$. , $\mathrm{F}L(v)\cdot w$ , $L$ $v$ $w$
$T_{q}Q$ . $\mathrm{F}L$ , $q\in Q$ ,
TqQ Q . TQ (q,v) , L
, ,
$\mathrm{F}L(q_{l}.v)=(q,$ $\frac{\partial L}{\theta v})$
. ,
$p= \frac{\partial L}{\partial v}$
\check ] . , (q:P$\rangle$ T*Q .
, FL:TQ\rightarrow T*Q , ,
, L , $\Delta_{Q}\text{ }$






, , $T^{*}TQ$ $T^{*}T^{*}Q$
$\gamma_{Q}’=\Omega^{\dot{l}}\circ(\kappa_{Q})^{-1}$ : $T^{*}TQarrow T^{*}T^{*}Q$
. , $\Omega^{\triangleright}:$ $TT^{*}Qarrow T^{*}T^{*}Q:‘(q,p,\delta q_{:}\delta p)\mapsto(q,p, -\delta p_{;}\delta q)$ $\Omega$
, , $\kappa_{Q}$ : $TT^{*}Qarrow T^{*}TQ$ ,
, ,
(q-.p, $\delta q,\delta \mathrm{p}$) $\mapsto(q_{\backslash }’\delta q,\delta p,p)$
. , TT*Q \Omega \mbox{\boldmath $\pi$}.Q $=dq\wedge d\delta p+d\delta q\wedge dp\text{ }$
(Tulczyjew [1977]). \Omega $\kappa_{Q}\text{ }\mathrm{f}\mathrm{f}$
,
$\gamma_{Q}=\Omega’\circ(\kappa_{Q})^{-1}$ : $(q_{:}\delta q,\delta p,\mathrm{p})\mapsto(q,\mathrm{p}, -\delta p,\delta q)$
.
, $L:TQarrow \mathrm{R}$ , $(q, v)$ $TQ$ .
$L$. $TQ$ 1 , : $TQarrow T^{*}TQ$ , ,
$\mathrm{d}L=(q’.v,$ $\frac{\partial L}{\partial q}\backslash$. $\frac{\partial L}{\partial_{V}})$
.
3.1. $L:TQarrow \mathbb{R}$ , $\mathfrak{D}$
$\mathfrak{D}L=\gamma_{Q}\circ \mathrm{d}L$ (5)
. DL:TQ\rightarrow T*T*Q , PTQ ,
$\mathfrak{D}L=(q,$ $\frac{\partial L}{\partial_{V}},$ $- \frac{\partial L}{\partial q},v)$
. , p=\partial L/\partial v .
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$L$ : $TQarrow \mathrm{R}$ ( ) ,
$\Delta_{Q}\subset TQ$ $Q$ . $T^{*}Q$
$D_{\Delta_{Q}}$ (1) , , $L$. L: $TQarrow T^{*}T^{*}Q$ (5)
. , $\Delta_{Q}$ $P=\mathrm{F}L(\Delta_{Q})\subset T^{*}Q$ .
3.2. $(L, \Delta_{Q:}X)$ .
($X,\mathfrak{D}L\cdot\rangle\in D_{\Delta_{Q}}$ . (6)
, $X$ $P$ $(q,p)$ $T^{*}Q$ . , $v_{q}\in$
$\Delta_{Q}(q)$ , $(q,p)=\mathrm{F}L(q_{V}’.)\in P$ ,
(X$(q,p),\mathfrak{D}L(q,v)$ ) $\in D_{\Delta_{Q}}(q,p)$
.
, $\Delta_{Q}=TQ$ , $P$ ,
, 1 – . , ,
$P=\mathrm{F}L(\Delta_{Q}\rangle$ , $\Delta_{Q}\subset TQ$ ,
1 – .
. , $z=(q,p)\in P$ ,
$(q,p)=(q,$ $\frac{\partial L}{\theta v})$
, (6) – .
3.3. $(L.\Delta_{Q},X)’.$ $(q(t)_{\backslash }.v(t))\in\Delta_{Q\prime}.t_{1}\leq t\leq t_{\mathit{2}}$ ,
$(q(t)_{!}p(t))=\mathrm{F}L(q(t\rangle_{\backslash }.v(t))$ , $(q(t),p(t\rangle)$ $X$
.
– , (L, \Delta Q,X) ,
$(q(t), v(t),p(t))$ . , $t_{1}\leq t\leq t_{2}$ , , $\Delta_{Q}\oplus P\subset TQ\oplus T^{*}Q$




:\Delta Q=TQ , ,
. , ,
1 . , $D_{\Delta_{Q}}$ , $z\in T^{*}Q$
,
$D_{\Delta_{Q}}(z)=\{(v_{\wedge}\sim, \alpha_{z})\in T_{z}T^{*}Q\cross T_{z}^{*}T^{*}Q|\alpha_{z}(u_{z})=\Omega_{z}(v_{z},\cdot u_{z}’)_{:}\forall u!_{z}\in T_{z}T^{*}Q\}$
. $T^{*}Q$ , $z=(q, ’ p)$ , $P\subset T^{*}Q$ $T^{*}Q$
$X=(q’.p,\dot{q},\dot{p})$ , ,
$\Omega((q,p,u_{1}, \alpha_{1}),\cdot(q,p,u_{\mathit{2}},\alpha_{\mathit{2}}))=\{a_{2},\cdot u_{1}\rangle-\langle\alpha_{1},\cdot u_{\mathit{2}}.\rangle$
$L$
$\mathfrak{D}L=(q,$ $\frac{\partial L}{\partial v},$ $- \frac{\partial L}{\partial q}’.v)$
, $(X,\mathfrak{D}L)\in D_{\Delta_{Q}}.\text{ }$,
$\langle-\frac{\partial L}{\partial q},u\rangle+\langle v_{;}\alpha\rangle=\langle\alpha.‘\dot{q}\rangle-\langle\dot{p},u\rangle$
$u$ $a$ . , $(u.a)$, , $T_{(q,\mathrm{p})}T^{*}Q$
. (u\acute .\alpha ) ,
.
$= \frac{\partial L}{\partial q}$ (7)
,
$\dot{q}=\mathrm{t}$ (8)
. , – , ,
$p= \frac{\partial L}{\partial v}$ (9)
, 3
$\frac{d\partial L}{dt\partial\dot{q}}=\frac{\partial L}{\partial q}$






3.4. $(X.\mathfrak{D}L.)\in D_{\Delta_{Q}}$ , ,
$p= \frac{\partial L}{\partial v}$ , $\dot{q}\in\Delta(q)_{:}$ $V=\dot{q}$ . $\dot{p}-\frac{\partial L}{\partial q}\in\Delta^{\mathrm{o}}(q)$ (10)
.
. (X, $\mathfrak{D}L$) $\in D_{\Delta_{Q}}$ , ,
$\langle-\frac{\partial L}{\partial q},u\rangle+\langle v, a.\rangle=\langle\alpha,\dot{q}\rangle-\langle\dot{\mathrm{p}}, u\rangle$
$u,$ $\in\Delta_{Q}$ $a$ , (10) .
: $Q$ . $Q$ $\Delta_{Q}$
, $Q$ $U\subset \mathrm{R}^{n}$ , $Q$ $q^{i}$ .
$\Delta_{Q}$ , $TQ$ , $q\in U$ , $\Delta(q)\subset \mathrm{R}^{n}$
. $\Delta(q)$ $q$ $n\cdot-m$ , $\Delta(q)$ ,
$e_{m+1}(q),e_{m+2}(q),$ $\ldots$ : $e_{n}(q)$ . , $\Delta^{\mathrm{O}}(q)$ 1 \mbox{\boldmath $\omega$}1, $‘ b^{\prime,\omega^{m}}2:\ldots$
,
$\Delta(q)=\{V^{i}\in \mathrm{R}^{n}|_{\iota \mathrm{A}’}’(iq)lv^{i}=0. a=1_{!}\ldots,m\}$
. , $’=\omega_{i}^{a}(q)dq_{\backslash }^{i}$. $a=1,$ $\ldots,$ $m$ . $\mu_{a},$ $a=$
$1,$ $\ldots,m$ , , $(L,\Delta_{Q:}X)$ , (10)
$(_{p_{i}}^{q}:^{i})=+$ ,






, 2 ( $\mathrm{A}\mathrm{b}\mathrm{r}\mathrm{A}\mathrm{m}$ and Marsden $[1978]\rangle$ .
3.5. ($q(t)_{;}v(t)\rangle$ $(L_{:}\Delta_{Q;}X)$ , $v(t)=\dot{q}(t)\in\Delta_{Q}$
.
. , (10) .
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, $E:TQ\oplus T^{*}Qarrow \mathbb{R}$
$E(q, v,p)=p\cdot v-L(q,v)$
. , $(q, v)\in\Delta_{Q}$ $(q_{i}p)\in P$ .
(Bloch2003 [2003]) , $E(q,v_{\backslash }, \prime p)=p\cdot v-L\cdot(q,v)$ $v$
, p=\partial L/\partial v . , K
$\mathcal{K}=\{(q_{:}v,p)\in TQ\oplus T^{*}Q|v\in\Delta_{Q}(q),$ $p= \frac{\partial L}{\theta v}\}$
.
, , .
3.6. ($q(t\rangle_{\backslash }.v(t)_{;}p(t))\in \mathcal{K}$ $(L, \Delta_{Q\backslash }, X)$ .
, $E(q(t)_{\backslash }.v(t)_{;}p(t))$ , $t$ – .
. ( $10\rangle$ – $E$ ,
$\frac{d}{dt}E=\langle\dot{p},v\rangle+\langle \mathrm{p}_{:}\dot{\mathrm{t}}’\rangle-\frac{\partial L}{\partial q}\dot{q}-\frac{\partial L}{\partial v}\dot{v}$
$= \langle\dot{p}-\frac{\partial L}{\partial q},v\rangle$
$=0$
. , $v=\dot{q}\in\Delta(q\rangle$ $\dot{p}-\partial L/\partial q\in\Delta^{\mathrm{o}}(q)$ ,
$p=\partial L/\partial v$ .
(X, $\mathfrak{D}L$) $\in D_{\Delta_{Q}}$
, $E(q., v_{:}p)=p\cdot v-L(q, \mathrm{t}’)$ , $(q,v)\in\Delta_{Q}$ ,
$(X(q.\prime p),\mathrm{d}E(q,v,p)|\tau_{(q,p\rangle}T.Q)\in D_{\Delta_{Q}}(q_{\backslash },p)$
. , (q,p)=FL(q,v)\in P ,
$E(q\backslash .v, p)=p\cdot v-L(q, v)$ , $TQ\oplus T^{*}Q$
, , $dE:TQ\oplus \mathit{7}Qarrow T(TQ\oplus T^{*}Q)$ . ,
,
$dE=(q,v_{!}p_{;} \frac{\partial E}{\partial q},$ $\frac{\partial E}{\partial v}’.\frac{\partial E}{\partial p})$
$=(q,$ $v,p,$ $- \frac{\partial L}{\partial q},p-\frac{\partial L}{\partial v}iv)$
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$TQ\oplus T^{*}Q$ $(q, v.p)$ $T_{(q_{?}v_{P)}},(TQ\oplus$
T*Q) , ,
$dE(q_{;}v,p):T_{(q,\iota}(TQ\oplus T^{*}Q)arrow \mathrm{R}$
. , $P=\mathrm{F}L(\Delta_{Q})$ ,
$v$
$\frac{\partial E}{k}=p-\frac{\partial L}{\partial_{1’}}=0$
, $\mathrm{d}E\text{ }T_{(q,p)}T^{*}Q$ ,
$dE(q_{;}v,p)|\tau_{(q.p\rangle}\tau_{Q}.$ : $T_{\{q,\mathrm{p})}T^{*}Qarrow \mathrm{R}$
. ,
$dE(q,v,p)|_{T_{(q,p)}TQ}.=(q,p,$ $- \frac{\partial L}{\partial q},v)$
. ,
$(q,p)=(q,$ $\frac{\partial L}{\partial v})$
. , $(L_{\backslash }, \Delta_{Q},X)$ , ,
(X. $\mathfrak{D}L$), $\in D_{\Delta_{Q}}$
, $P=\mathrm{F}L(\Delta_{Q})$ ,
(X, $dE|_{T_{P}TQ}.$ ) $\in D_{\mathrm{A}_{Q}}$
.
4
1 : ( )
, xy . xy
$x$ $y$ . ,
$\theta$ , $xz$ $\varphi$ .
, $Q=\mathrm{R}^{2}\cross S^{1}\cross S^{1}$ , $q=(x_{!}y_{:}\theta, \varphi)\in U\subset \mathrm{R}^{4}$ .
, , \Delta QCTQ , q\in U ,
$v_{q}=(v_{x},v_{y:}\iota_{\theta},v_{\varphi})\in \mathrm{R}^{4}$ ,
$\Delta(q)=\{v^{i}\in \mathrm{R}^{4}|\langle’\omega^{r}(q)_{\backslash }.v_{q}\rangle=0_{\backslash }. r=1,2\}$
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. 1 , ,
$\omega^{1}=dx-R$ (coe $\varphi$ ) $d\theta_{\backslash }$, $\omega^{2}=dy-R(\sin\varphi)d\theta$
, , . , ’(q)
$\Delta$ $\Delta^{\mathrm{o}}/$ . $\Delta_{Q}’\subset TQ$ $\Delta_{TQ}.=(T\pi_{Q})^{-1}(\Delta_{Q})$
$T^{*}Q$ , ,
$\Delta_{TQ}.\cong\{v_{(q,\mathrm{p}\rangle}=(q,p,\dot{q},\dot{p})|q\in U,\cdot\dot{q}\in\Delta(q)\}$
. $T^{*}T^{*}Q$ $a_{(q,p)}=(q_{:}p_{:}\alpha_{:}w)$ , $\Delta_{TQ}$. ,
,
$\Delta_{TQ}^{\mathrm{o}}.\cong\{\alpha_{\langle q,p)}=(q,p, \alpha, w)|q\in U, \alpha\in\Delta^{\mathrm{o}}(q), w=0\}$
. , $T^{*}Q$ $D_{\Delta}$ $\subset TT^{*}Q\oplus T^{*}T^{*}Q$ ,
$(q,p)$ ,




. , $m$ , $I$ $J$ .
,
$\mathrm{d}L(q,v)=(\frac{\partial L}{\partial x}‘$. $\frac{\partial L}{\partial y}$ $\frac{\partial L}{\partial\theta’}\frac{\partial L}{\partial\varphi}$ $\frac{\partial L}{\theta v_{x}’}\frac{\partial L}{\theta v_{y}’}\frac{\partial L}{\partial v_{\theta}’}\frac{\partial L}{\theta v_{\varphi}})$
$=(0,0_{:}0,0’. mv_{x\backslash }. mv_{y}, Iv_{\theta}, Jv_{\varphi})$
, , , $\gamma_{Q}=\Omega^{\triangleright}\mathrm{o}(\kappa_{Q})^{-1}$ :
$T^{*}TQarrow T^{*}T^{*}Q$
$\mathfrak{D}L(q_{j}v)=(-\frac{\partial L}{\partial x},$ $- \frac{\partial L}{\partial y}.-\frac{\partial L}{\partial\theta}’$. $- \frac{\partial L}{\partial\varphi},$ $v_{x},$ $v_{y:}v_{\theta},$ $v_{\varphi})$
$=(0_{\backslash ,\prime}0,0,0, v_{x}, v_{y}, v_{\theta}, v_{\varphi})$
.
, $T^{*}Q$ $X$ , $(q_{\backslash }.p)=(x, y, \theta, \varphi, p_{x},p_{y},p_{\theta},p_{\varphi})\in T^{*}Q$
, $X(q.p\rangle=(\dot{q},\dot{p})=(\dot{x}_{\backslash },\dot{y},\dot{\theta}_{\backslash ,\prime}\dot{\varphi}_{\backslash },\dot{p}_{x},\dot{p}_{y},\dot{p}_{\theta},\dot{p}_{\varphi})$ .
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, (X, $\mathfrak{D}L$) , $D_{\Delta_{Q}}$ ,
, $(q_{\backslash }\prime p)\in T^{*}Q$ , $(q_{\backslash }.p)=\mathrm{F}L(q,v)$ ,
$(X(q,p)_{:}\mathfrak{D}L(q, v))\in D_{\Delta_{Q}}(q,p)$
, , .
$(_{p_{\varphi}}^{X}ppp::^{x} \underline{\varphi_{\mathrm{y}}})y_{\theta}=\theta::(_{00-1}^{00001000}-10\infty 0000001000000001000000001)00\frac{00}{0}100-10|_{0000}^{0000}00000000(v_{\varphi}\underline{0}V_{x})v_{y}+u_{\theta}000(\frac{00000000}{-R\mathrm{c}\mathrm{o}\mathrm{e}\varphi-R\sin\varphi 01,0010})$.
, ,
$=$
$=($ $0101$ $=_{R\sin\varphi}^{R\cos\varphi}00$ )
.
2: ( ) (Rowley and AIarsden [2002]) $\mathrm{K}\mathrm{d}\mathrm{V}$




, \alpha Q l , Q . ,
, , 1 ,
.
172
, $(L, \Delta_{Q}=TQ, X)$
, .
$\dot{q}^{i}=\iota:^{i}$ ,
$\ovalbox{\tt\small REJECT}=\frac{\partial L}{\partial q^{i}}=\frac{\partial\alpha_{j}(q)}{\partial q^{i}}$ $- \frac{\partial h(q)}{\partial q^{i}}$ ,
$p_{i}= \frac{\partial L}{\partial v^{i}}=\alpha_{i}(q)$ .
, $X=(q^{i},p_{i},\dot{q}_{;}^{i}\dot{p}_{i})$ $T^{*}Q$ .
3 :L-C 1 ) ,
, L-C . L-C ,




, ( ) , r \sim
r \sim ,
. Q , qi (
) . Q TQ ,
, f\in TqQ ( ) . - ,
$T^{*}Q$ , , $P\in T_{q}^{*}Q$ ( ) .
, 1 $L$ 2 $C_{1}$ $C_{\mathit{2}}$ 3
L-C . $Q$ , 3 $E=\mathbb{R}^{3}$ ,
, $Q\cong E$ . $TQ\cong TE$. , $T^{*}Q\cong T^{*}E$
. , , $q=(q_{L}..qc_{1:}qc_{2})\in E$ $f=(f_{L;}fc_{1},fc_{2})\in T_{q}E$
, , LC L
$T:TEarrow \mathrm{R}$
$\ovalbox{\tt\small REJECT}(f)=\frac{1}{2}L(f_{L})^{2}$
$\vee \mathrm{k}$ . , $C_{1},C_{2}$ $V:Earrow \mathrm{R}$
$V(q)= \frac{1}{2}\frac{(qc_{1})^{2}}{C_{1}}+\frac{1}{2}\frac{(qc_{2})^{2}}{C_{\mathit{2}}}$
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KCL , , q\in E ,
$\Delta_{q}=\{f\in T_{q}E|\langle\omega^{a}\backslash f’\rangle=0, a=1,2\}$
. , $f=(f_{1}, f_{\mathit{2};}f_{3})=(f\iota, fc_{1}, fc_{2})\in T_{q}E$ , $\omega^{a}$ 2
1 ( ) , ,
$\omega^{a}=\omega_{k}^{a}dq^{k}$ , $a=1,2;k=1,2_{:}3$
. , $q=(q^{1}\backslash , q^{2}, q^{3})=(q\iota, qc_{1}, qc_{2})$ , $\omega_{k}^{a}$ ,
$\omega_{k}^{a}=(=_{1}^{1}$ $01$ $01)$






, \Delta , KVL .
, $q\in E$ ,
$\Delta_{q}^{\mathrm{o}}=\{e\in T_{q}^{*}E|\langle e_{;}f\rangle=0, \forall f\in\Delta_{q}\}$
. , $e\in\Delta_{q}^{\mathrm{o}}$ , KVL ,
$\mu_{a}$
$e_{k}=\mu_{a}\omega_{k}^{a}$ , $a=1,2’.k=1,2_{\backslash ,\prime}3$
. , $e=(e_{1:}e_{2}., e_{3})=(e\iota’.ec_{1}, ec_{2})$ .
, (II) L:TE\rightarrow R ,
d $[ \frac{\mathfrak{X}\mathcal{L}}{\partial f^{:}\partial f^{j}}]=0$
21 ’ , KCL .
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, L-C .
, \Delta \subset TE ,
$P=\mathrm{F}L(\Delta)\subset T^{*}E$
. $(q_{\backslash }.f)=(q_{L}, q_{C_{1}\backslash }.qc_{2}\cdot f_{L;}f_{C_{1:}}f_{C_{2}})\in\Delta\subset TE$ ,
$(q,p)=\mathrm{F}\mathcal{L}(q, f)\in T^{*}E$ ,




, $Pc_{1}=0_{\backslash }.p_{C_{2}}=0$ , 1 .
$P$ $T^{*}E$ $X$
$X(q_{L}., q_{C_{1}\backslash }, qc_{2}, p_{L}.0_{;}0)=(\dot{q}_{L},\dot{q}c_{1},\dot{q}_{C_{2}},\dot{p}_{L},0_{:}0)$ (13)
3. , $d\mathcal{L}=(q,f_{j}\partial \mathcal{L}/\partial q_{:}\partial \mathcal{L}/\partial f)$ ,
$\mathrm{d}\mathcal{L}(q_{L}, qc_{1},q_{C\mathrm{a}}, f_{L:}fc_{1}, f_{C_{2}})=(0_{}.-\frac{qc_{1}}{C_{1}})-\frac{q_{C_{2}}}{C_{\mathit{2}}},$ $Lf_{L},0,0)$
, $\mathfrak{D}\mathcal{L}=(q,$ $\partial \mathcal{L}/\partial f,$ $-\partial \mathcal{L}/\partial q$, f ,
$\mathfrak{D}\mathcal{L}\langle q_{L},$
$q_{C_{1}},$ $q_{C_{2}},$ $f_{L},$ $f_{C_{1}},$ $f_{C_{2}}$ ) $=(0, \frac{qc_{1}}{C_{1}}’.\frac{q_{C_{2}}}{C_{\mathit{2}}}:f_{Lt}.fc_{1},$ $f_{G_{2}})$ (14)
.
KCL $\Delta\subset TE$ *E
$\Delta_{TE}$. , ,
$\Delta_{TE}.\cong\{v_{(q.p)}=(q_{:}p,\dot{q}’.\dot{p})|q\in U_{:}\dot{q}\in\Delta(q)\}$
. $T^{*}T^{*}E$ $\alpha_{(q,p)}=(q.p,\alpha.u)’.$ , $\Delta_{TE}$. , ,
$\Delta_{T\cdot E}^{\mathrm{Q}}\cong\{\alpha_{(q,p)}=(q,.p,\alpha, u’)|q\in U, \alpha\in\Delta^{\mathrm{o}}(q), w=0\}$
$.\vee\}$
, . , $T^{*}E$ $D_{\Delta}\subset TT^{*}E\oplus T^{*}T^{*}E$ ,
$(q_{\backslash }.p)\in T^{*}E$ ,
$D_{\Delta}(q,p)=\{((q,p_{\backslash }.\dot{q}.,\dot{p}).(q.p,\alpha,u:)\rangle|\dot{q}\in\Delta(q),\backslash w=\dot{q}, \alpha+\dot{p}\in\Delta^{\mathrm{o}}(q)\}$ (15)
3 ‘ ‘ 2 $\dot{P}C_{1}=0,\dot{p}c_{2}=0$ .
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., (13), (14) (15) , $(q,p)=\mathrm{F}\mathcal{L}(q, f)$ ,
$(q,p)$
$(X(q,p)’.\mathfrak{D}\mathcal{L}(q’.f))\in D_{\Delta}(q,p)$
$(q,f)\in\Delta\subset TE$ , L-C ,
$(\mathcal{L}_{:}\Delta.X)$ , , .
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